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Abstract 
This paper considers the task of the dynamic synthesis of six-link lever motion with least vapor, where links provides the 
required overall action for strut because of optimal arrangement of masses and rational proportion of geometrical dimensions of 
the links. This task is formulated by the way of quadratic approximation and recovered analytical solution. The general solution 
for dynamic synthesis of non-harmonic vibration exciter has been derived. The analytical results allow defining the “generalized 
unbalances” directly from constraint equations. Below is given the essence of the proposed method. A number of alternative 
kinematic diagrams of mechanisms of non-harmonic vibration exciters of pulse action on the foundation is developed. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of the International Conference on Industrial Engineering (ICIE-
2015). 
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1. Introduction 
The vibration technique uses various types of vibration exciters designed to excite the mechanical vibrations [1, 
2, 3]. Planetary vibration exciters of non-harmonic action are the most widespread. The main failure of the existing 
mechanisms is the complexity of fabrication and increased wear of higher kinematic pair elements. 
An alternative way of solution is the use of linkages with lower pairs, the links of which provide the required 
cumulative impact on the rack through the optimal placement of the masses and the rational aspect ratio of the links. 
The technique of optimal dynamic synthesis of non-harmonic vibration exciters is developed on the basis of 
hinge linkages which allow generating the specified behavior of the force action on the frame in two orthogonal 
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directions [4, 5]. The most common of the known vibration exciters are harmonic with unbalances rotating in 
opposite directions [6, 7, 8]. The main difficulty in their operation is connected with the need to synchronize the 
drives for the provision of identical angular rotation velocities. The problem can be solved by mechanical means, for 
example, based on gearing, which is associated with the wear of profiles at considerable dynamic loads. In addition, 
the law of impact on foundation in both cases – is the harmonic. It is known that mechanisms with non-circular 
wheels [9, 10, 11] are used to obtain the non-harmonic (e.g., pulse) law of impact on foundation which is associated 
with the complexity of manufacturing, increased wear of higher pair elements. An alternative way of solution is the 
use of linkages with lower pairs, the links of which provide the required cumulative impact on the rack through the 
optimal placement of the masses and the rational aspect ratio of the links. "Generalized unbalances" are introduced 
which include the mass-inertial characteristics of the mechanisms that can be determined analytically. The nonlinear 
parameters are found by minimizing the Euclidean or Chebyshev norm of approximation error based on Nedler-
Midd algorithm [5, 8, 12]. 
2. Research Methods. Derivation of analytical dependences 
We propose a method of dynamic synthesis of vibration exciter mechanisms based on hinge linkages. Mass 
inertia parameters of the mechanism are found by minimization of the Euclidean or Chebyshev norm of 
approximation error. Numerical implementation of minimization procedure on the basis of Nedler-Midd algorithm. 
The essence of the proposed method is as follows. 
Let xOy – is some absolute system of coordinates. For convenience, we assume that Ox axis is directed along the 
line connecting the centers of two hinges on the rack. Components of total inertial force F, acting on the frame of 
the mechanism, are as follows: 
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where n  - number of movable links of mechanism; Z  and H  - angular velocity and angular acceleration of input 
link. 
Let us divide both members of equation by 2ZMr  to obtain equations in non-dimensional form and denote by: 
2
2
x
x
y
y
Ff
Mr
F
f
Mr
Z
Z
­  °°
®
°  °¯
,          (2) 
where  
2
,
n
i
i
M m
 
 ¦            (3) 
r – length of crank. 
Let us assume that normalized laws of actions of mechanism on foundation in 2 orthogonal directions are 
specified. 
Let’s consider the six-link hinge and linkage mechanism shown on Fig. 1. Let us assume Ⱥ(xA, yA)=0,   D=(1, 0). 
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Fig.. 1. The six-link hinge and linkage mechanism 
 Then equations (1) in non-dimensional form will be as follows: 
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Six-link mechanism on Fig. 1 has 15 inertia parameters: ( , , ), 1,...5.i i im s iD   
Let us consider a specific task. Assume that all geometrical dimensions of mechanism are specified and all mass-
inertia parameters of links are known except for link 5, i.e. let us define the variables 5 5 5, , .m s D  let us define mass 
5m  and discrete mass point of the 5th link, i.e. parameters 5 5, .s D  
Let us introduce the following designations:  
1 5x m ;           (6) 
2 5 5 5cosx m s D ;          (7) 
3 5 5 5sinx m s D .          (8) 
Let us transfer the unknowns on the left member of equation, and knowns on the right member, and for each  k 
(k=1, N) of mechanism position we obtain 2 linear equations in the following form (total 2N equations for N 
positions of mechanism). 
Synthesis methodology and results testing. 
Hereafter, let us consider first a special case, when 3 0E   to avoid bulky calculations and state the essence of 
methodology. 
Then the expressions for components ,x yf f  of total force will be as follows:  
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Let us write a system of equations (4) as follows:  
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As a result we obtain 2N linear algebraic equations with three unknowns: 
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Let us designate approximation error as j'  
1 1 2 2 3 3 0,j j j j ja x a x a x b' {      1, 2j N .       (18) 
We can write equations in a matrix form: 
ǻ 0Ax b{   ;          (19) 
> @1 2 3 2, , ,..., TN' ' ' ' ' ;         (20) 
> @1 2 3 2, , ,..., TNb b b b b          (21) 
Matrix A has number of dimensions 2N x 3 
Then let us use the method of square approximation to define the unknowns  
477 A.E. Tussupova  et al. /  Procedia Engineering  129 ( 2015 )  471 – 479 
> @1 2 3, , x Tx x x ;          (22) 
2
2
1
1( ) min ( )
2
N
j xj
S x S x'
 
 ¦ .         (23) 
So far as
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we obtain three equations with three unknowns multiplying both members of equation  
Ax b ;           (25) 
by AT
T TA Ax A b           .(26) 
 As a result we arrive at three equations with three unknowns: 
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3. Numerical example  
Let us assume that the law of action on foundation is preassigned by values given in Table 1. 
Table 1. The law of action on foundation in 2 orthogonal directions 
K kI ( )x kf I ( )y kf I
1 00 -0,407 0,376 
2 150 -0,512 0,555 
3 300 -0,468 0,734 
4 450 -0,196 0,820 
5 600 0,214 0,675 
6 800 0,420 0,165 
7 1000 0,027 -0,233 
8 1200 -0,002 -0,334 
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9 1600 0,199 -0,192 
10 1800 0,110 -0,148 
11 2000 0,022 -0,169 
12 2200 -0,019 -0,243 
13 2400 0,001 -0,328 
14 2600 0,062 -0,365 
15 2800 0,112 -0,317 
16 3000 0,097 -0,189 
17 3200 -0,008 -0,017 
18 3400 -0,193  0,170 
 
Let us define the parameters of this mechanism: 
length of links l1 = 1, l2 = 0,28, l3 = 0,93, l4 = 0,73, l5 = 0,6, l6 = 0,7, l235 = 0,93, s3 = 0,46, mass of link - m3 = 0,93,  
and angle values  s3 = 0,46,  3 30, 0D E   
We pre-assign a value m5 = 0,560 and define 5 5,s D  to simplify the task. 
   
Fig. 2 - Cart results
After that according to equation (27) and multiplying the obtained matrixes by transpose of matrix ȺɌ , we 
find a system of two equations: 
5 5 5 5
5 5 5 5
1, 4083 cos 1,8067 sin 0, 4567
1,8067 cos 2,9294 sin 0,1634
s s
s s
D D
D D
  ­
®   ¯
.       (28) 
From where the unknowns 5, 5SD can be found: 
5 0,017D  ,          (29) 
5 0,3S  ,           (30) 
-0.60
-0.40
-0.20
0.00
0.20
0.40
0.60
0.80
1.00
0 5 10 15 20
fx 
fy
479 A.E. Tussupova  et al. /  Procedia Engineering  129 ( 2015 )  471 – 479 
4. Conclusion 
The task of the dynamic synthesis of six-link lever motion with least vapor, where links provides the required 
overall action for strut because of optimal arrangement of masses and rational proportion of geometrical dimensions 
of the links was solved. This task is formulated by the way of quadratic approximation and recovered analytical 
solution. The general solution for dynamic synthesis of non-harmonic vibration exciter has been derived. The 
analytical results allow defining the “generalized unbalances” directly from constraint equations. Below is given the 
essence of the proposed method. A number of alternative kinematic diagrams of mechanisms of non-harmonic 
vibration exciters of pulse action on the foundation is developed. 
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